Abstract Exact solutions of an f (R)-theory (of gravity) in a static central (gravitational) field have been studied in the literature quite well, but, to find and study exact solutions in the case of a non-static central field are not easy at all. There are, however, approximation methods of finding a solution in a central field which is not necessarily static. It is shown in this article that an approximate solution of an f (R)-theory in a general central field, which is not necessary to be static, can be found perturbatively around a solution of the Einstein equation in the general theory of relativity. In particular, vacuum solutions are found for f (R) of general and some special forms. Further, applications to the investigation of a planetary motion and light's propagation in a central field are presented. An effect of an f (R)-gravity is also estimated for the SgrA*-S2 system. The latter gravitational system is much stronger than the Sun-Mercury system, thus the effect could be much stronger and, thus, much more measurable.
Introduction
The General theory of Relativity (GR) [1, 2] announced in 1915 was theoretically developed by A. Einstein, and it has been experimentally verified as an excellent theory of gravitation. In particular, the GR was once again a e-mail: anhky AT iop.vast.ac.vn b e-mail: phamkyvatly AT gmail.com c e-mail: nhvan AT iop.vast.ac.vn confirmed triumphantly by recent detections of gravitational waves (see, for example, [3, 4] ). The GR is governed by the Einstein equation [1, 2, 5] 
obtained from the Lagrangian L G = R. This equation can describe very well gravitational phenomena of the normal matter, but it ineffectively describes other phenomena such as the Universe's accelerated expansion (supposed to be explained by the introduction of the concept of the so-called dark energy or cosmological constant), dark matter, cosmic inflation, quantum gravity, etc. One of the simplest suggestions for solving the dark energy problem is adding the cosmological constant Λ to the Lagrangian, that is, L G = R−2Λ, leading to the equation of motion [1, 5] f (R), where f (R) is a scalar function of the scalar curvature R. The equation of motion now becomes [7] [8] [9] 
where k = 8πG c 4 , = ∇ µ ∇ µ and ∇ µ is the covariant derivative. This theory is called f (R)-theory of gravity or just f (R)-gravity or f (R)-theory for short. Nowadays, this theory is becoming a hot topical issue and attracting much interest of many cosmologists (for review, see, for example, [7] [8] [9] [10] [11] [12] ). There are a lot of variants of the f (R)-theory such as those with f (R) = R + λR 2 or f (R) = R − λ R n , etc., each them can explain some of the cosmological phenomena but none of them is perfect [7] - [15] . In general, to find a solution, especially, an exact one, of an f (R)-theory is very difficult, even impossible. To simplify the situation, some reasonable conditions are sometimes imposed so that approximate solutions can be found. One of such conditions could be that of a spherical symmetry which is a quite good approximation in many cases. Here, a general f (R)-theory will be considered in a spherically symmetric (gravitational) field called usually a central field.
Exact solutions of the f (R)-theory in a static central field are studied in [16] [17] [18] [19] [20] [21] but there are also approximation methods for central fields which are not necessarily static [22] [23] [24] . In this article, approximate solutions of the f (R)-theory for a general and some special cases in a general central field are found by perturbation around the Einstein equation. Then, we can use the obtained solutions to calibrate parameters of orbits of planets.
In this article the following conventions are used:
-Metric signature in Minkowski space: (+, −, −, −), that is, the infinitesimal distance is calculated as
with Latin letters used for three-dimensional spatial indices, and, Greek letters used for four-dimensional space-time indices.
-Riemann curvature tensor: -Rank-2 curvature tensor (Ricci tensor):
-Scalar curvature: R = g µν R µν .
-Energy-momentum tensor of a macroscopic object:
ds , while ε and p are the energy density and the pressure, respectively.
In the next section we will consider a general f (R)-theory in a central field and its perturbative solutions. In particular, solutions in vacuum are also investigated for a general form and some special forms of f (R). Sec. 3 is devoted to applications of the obtained solutions to investigating a planet's and light's motion in a central field. Some comments and conclusion will be made in Sect. 4. Finally, a proof of formula (37) is exposed in the appendix.
f (R)-theory and perturbative solutions
Now we consider a system of matter in a gravitational field. If the gravitational field's Lagrangian is L G = R and the matter Lagrangian is L M , the system's action has the form
The Einstein equation obtained from this action [1] , [2] is
where T µν is the energy-momentum tensor of matter
Taking a trace of (2), we get
with T = T µ µ , and the equation (2) becomes
For L G = f (R), the system's action is
leading to the equation of motion [7] [8] [9] 
If the f (R)-theory deffers from the Einstein theory (when f (R) = R) just slightly, we can write f (R) in the form
where h(R) is a scalar function of R and λ is a parameter such that λh(R) and its derivatives compared with R are a very small. Substituting (7) into (6) we obtain
We solve the latter equation by a perturbation method basing on the fact that this equation differs from the Einstein equation by small perturbative terms (the last four terms on the left-hand side of the last equation). Substituting a solution of the Einstein equation, i.e., (4) and (5),
into the perturbative terms in Eq. (8),
we solve the latter perturbatively at the first order, where h (kT ) =
∂h(kT )
∂(kT ) and the superscript E in the covariant differentiations means that the metric tensor g µν is taken in the Einstein equation solutions. If we solve the above equation in vacuum (T µ ν = 0, T = 0), then h(kT ) and h (kT ) are constants, hence their differentiations are equal to zero, the equation (9) becomes
Note: If h(0) = 0 the perturbative equation (10) We are using a spherically symmetric metric in the shape of the Schwarzschild metric [2] ,
with the following non-zero metric elements
(writing g 00 = e u(r,t) does not mean it always positive because u(r, t) can be complex). With the given metric we can calculate any element of the Ricci tensor [2] , say R 1 0 ,
which, when inserted in Eq. (6) for vacuum, gives
Considering the case of a central gravitational field, we see that the Einstein theory in vacuum, as well known, is always stationary, but, a general f (R)-theory, with f (R) = R, is not stationary in vacuum. It can be seen from the fact that the right-hand side of (13) in general is not zero, therefore, ∂v(r,t) ∂t = 0, thus, the metric may varies with time. However, the non-stationarity does not show up at the first order of perturbation by using R 1 0 in the approximate equation (9) . To see the nonstationarity appearing at the first order of perturbation, it is enough to use R 
where v (r, t) = ∂v(r,t)
∂r .
Comparing (14) with (9) we obtain e −v(r,t)
where
If we write v(r, t) in the form
we get from (15)
Integrating the latter equation
and substituting the result (17) into (16), we obtain
t).
Let us now calculate the integrand (18) . Because of the spherical symmetry, T , thus, h (kT ) does not depend on θ and ϕ, but r and t only. Putting only non-vanishing elements of g µν and Γ α µν in the intergrand, we have
33 . On the other hand, also because of the spherical symmetry, we have
Finally, substitutions of (20) and (21) into (19) give
(
Here, as said before, the subscript E indicates the Einstein limit.
Vacuum solutions
Now we consider solutions in vacuum for a bodygravitation source of radius R 0 which in general depends on time, R 0 = R 0 (t). Because of considering solutions in vacuum, we can neglect the pressure. It means that the tensor T has T 0 0 as the only non-zero component, and Eq. (18) becomes (23) spreads only between 0 and R 0 (t) and gives
with M being the mass of the body-gravitation source.
Assuming that the body-gravitation source is uniform we have
where, ρ is the mass density which is independent from coordinates, and, thus,
Putting (24) in (23) we get
Next we calculate u(r, t) in g 00 (r, t). Considering (9) in vacuum, see (10) ,
and using the metric (11), we have [2]
and, thus, u(r, t) = −v(r, t). Therefore, in vacuum, u(r, t) takes the form
In conclusion, starting from
and the Schwarzschild metric [thus (11), (27) and (31)], we obtain a perturbative solution in vacuum (22) . Far away from the body-gravitation source T 0 0 can be considered depending on the time t only (at a long distance, the density of the body-gravitation source can be considered homogeneous), that means the last two terms of (22) vanishing (see more details in the appendix),
where,
with
Substituting (37) into (32) - (35) we find a solution at a distant point from the body-gravitation source:
, (41)
here (26) is used for both inside and outside the integral, and h (kT . Now, in the next subsection, applying the latest formulas, we consider some special cases.
The case f (R) = R − 2λ (model I)
In this case we have h(R) = −2 leading to h(kT 
It is exactly the solution of the modified Einstein equation with a cosmological constant λ.
The case f
Further, applying (26) we have
Here
The case f (R) = R 1+ε (model III)
Here ε is an infinitesimally small number. In this case
Similarly, we obtain the corresponding metric tensor
We see, for example, in (52) or (58), that the metric in an f (R)-gravity is different from the one in Einstein's GR by last two terms. If the body-gravitation source shrinks or expands (it means that its radius depends on time), the metric would depend on time, unlike the Einstein equation giving no such a effect.
General perturbative solution
In the previous subsection, vacuum solutions have been found for an arbitrary and some more special f (R), now we will look for a general solution everywhere, not only in vacuum. Inside matter we do not have u(r, t) = −v(r, t), thus we will solve this problem in the following way: Doing the same calculations for obtaining formula (22) we get
The index E means the metric tensor taken within the Einstein theory (see the appendix for its values inside or outside the body-gravitation source). Substituting (64) into (9) we obtain the equation
which with using (30) leads to
Since e v(r,t) = −g 11 (r, t), we can re-write the latter equation as
Doing integration of the above equation and noticing that g 00 (r, t) → 1 as r → ∞, we have
Thus, from (11), (18) and (70) the metric gets the form
and β(r , t) are given by (22) and (65), respectively.
Motion in a central field
In this section we will apply the obtained solutions to a motion in a central field, for example, a planetary motion around an isotropic star (which can be a normal star, neutron star, black hole, or other bodygravitational sources). This central field is not necessarily static, the radius of the star can expand or shrink during the time. Here we only take the models which satisfy h(0) = 0, meaning that h(kT 0
with T 0 0 calculated by (26) . For the model II, M 1 (t) and M 2 (t) have the form
and for the model III they become
Setting
and noticing that k = 8πG c 4 , we have a Schwarzschildtype metric
Here, M f can be treated as an effective mass in an f (R)-gravity, which, then, looks like the GR in a central field of a source with a non-static mass M f . In general, it is a function of time even when the mass M is a constant. This may lead to interesting phenomena which can be discussed elsewhere later. Let us make a coordinate transformation changing r as
but keeping other coordinates unchanged (t −→ t, θ −→ θ, ϕ −→ ϕ). Subsituting (87) into (86) and neglecting the infinitesimal terms
and
very small compared with
we get
Since dr 2 + r 2 dθ 2 + r 2 sin 2 θdϕ 2 = dx 2 + dy 2 + dz 2 , we have g xx = g yy = g zz . It means that the spacial coordinates x, y, z play the same role in the isotropic frame.
From the special relativity, we know the HamiltonJacobi equation of a free particle in a flat space-time,
where m and S are its mass and action, respectively [2, 25] . Since S is a scalar, the equation (89) 
Let us apply this equation to a planet's motion around an isotropic star producing a central gravitational field. Since the planet moves in a fixed plane passing the star's center taken for the origin of the coordinate frame, we can choose the orientation of the coordinate frame so that the planet's orbital plane is horizontal, that is, we always have θ = π 2 and, thus,
Because
where H(t) is the Hamiltonian, it follows that
H(t) c
In a central field which may not be static, the Hamiltonian may not be conserved but the angular momentum is always conserved. Following [25] , we write
where µ is the conserved value of the angular momentum p ϕ , or
where s(r, t) is a function of r and t only. Taking (95) into account, Eq. (93) becomes
Solving the latter equation for s(r, t) we get
Note that in the above integral the coordinates r and t are treated as independent variables. As ∂S ∂µ is also a constant of motion [2, 25] ,
it means
Combining (97) with (99), we find
Motion of a planet in a central field of a star
Let us consider the motion of a planet around an isotropic star. If we write the Hamiltonian in the form
[where E(t) has the meaning of both kinetic energy and potential energy of the planet in the gravitational field], then (100) is rewritten as
On the other hand, if we consider the planet's motion to be relatively slow (compared with the light), 2 E|, we have
At the first order approximation
the equation (104) takes the form
that is,
Using the notation
we obtain the formula
which after doing integration becomes
where C is a constant. Rotating the coordinate frame so that C = 0,
This is the equation of motion of a planet in a central field of a star. We notice that t = 0 is chosen arbitrarily after having "gravitational interaction" passing the planet. The equation (110) or (112) or (113) is a general equation of a planetary motion in a central field of a star.
Now we consider a planet moving in a nearly-elliptic orbit. From (113) we can see that the lengths of the major axis and the minor axis of the near-elliptic orbit change if the central filed is not static (note that the central field is not static even when the total mass M of the star is unchanged, if the star expands or shrinks keeping its isotropic form). This is an effect which cannot occur in the Einstein theory [when the radius of the star expands or shrinks, the metric in the vacuum in the Einstein theory does not depend on time]. The extremums (apsides) r e of r, which are its minimal value (periastron/perihelion) r p or maximal value (apastron/aphelion) r a , can be calculated as follows: First, we notice that the argument of an arccos fuction varies within the interval [-1,1], hence from (112) we have the condition
The extremums r e are found at the two edges of this interval,
when the second order approximation is neglected. If the central field is static, ∆ϕ e (thus, δϕ e ) is a constant (see Figure 1 which is only illustrative), but when the
Fig. 1 In a static central field, both re and ∆ϕ remain unchanged over time as in Einstein's theory but have a correction to the corresponding Einstein's values (illustration following [25]).
central field is not static (for example when the radius of the star expands or shrinks keeping the star's isotropy) ∆ϕ e (thus, δϕ e ) is no longer a constant, and there will be new effects compared with Eisntein's theory: there is not only a corrected orbital precession given by (124) and (125), but, as shown in (117) and (118), the axes of the orbit also varies with time (see an illustration in Figure 2 ).
Light's propagation in the central field of a star
Since m = 0 in this case, Eq. (100) is reduced to
Then, using (105), we obtain
At the first order of approximation, it follows that
where C is a constant. If the reference frame is chosen so that ϕ = 0 at the point (periastron/perihelion) where the light is closest to the origin of the frame (the gravitational source), we can take C = 0. Thus, the equation of motion of light in a central field is
At a far-distance (with r ≡ r l very large), this equation has the approximate form
It means that ϕ l > π 2 , that is, the light's trajectory is deflected toward the gravitational source, and the deflection angle, denoted by φ, is
This angle (135) can be calculated approximately as follows. Denoting the periastron distance by D (a notation used in [2] ). As ϕ = 0 at r = D, from (132) we have
In an f (R) theory, the light deflection angle, like the orbital precession discussed above, in a static central gravitational field, has a constant correction to that in Einstein's theory, but when the gravitational field is not static the correction may not be a constant, but, in general, it depends on time.
Conclusions
Einstein's general theory of relativity is a triumphant theory but, as mentioned above, it meets several open problems such as the accelerated expansion of the Universe (or dark energy), the cosmic inflation, an integration with quantum theory (quantum gravity), etc. The f (R)-theory of gravity was introduced to solve some of these problems. Then, the Einstein equation (2) is replaced by a, more complicated in general, equation (6) . Usually, solving the latter is problematic and it must be done via an approximation method by imposing appropriate condition(s). As, physically, the f (R)-gravity is assumed to be a perturbative theory around Einstein's GR describing very well most of today observations, we have followed a perturbation approach to solving Eq. (6). However, even with this assumption, it is not always easy to solve Eq. (6) (6) is not stationary, while a spherically symmetric vacuum solution of the Einstein equation is always stationary. In other words, Birkhoff's theorem in the GR is not valid any more for a general f (R)-theory of gravity. This may have interesting consequences (for example, a spherically symmetric pulsating (or expanding or collapsing) object is not disabled to emit gravitational waves as in the GR) being a subject of our next investigation. Following the present method, we will also investigate cosmological equations and models corresponding to the f (R)-theory of gravity.
The results obtained above may give an indication for an experimental test of an f (R)-theory of gravity. This theory in the considered circumstance can be treated as an Einstein's GR with an effective mass (M f ) which may vary with time even in the case keeping the original total mass (M ) constant. Let us make some estimation using a real data.
As seen above, a perturbative f (R)-theory can be considered as Einstein theory with an effective mass M f = M − λM 1 − λM 2 replacing the original mass M assumed here to be a constant. According to (80) M 2 = 0 for a static field, this effective mass becomes
Putting
in the latter equation (148), where, a is the length of a semi-major axis and e is the eccentricity of an orbital ellipse [2] , we get
Using a recent data for the Mercury's orbital precession [26] : c = 299792458m/s; G = 6.67259×10 
It means that the Sun's mass M = 1.988919 × 10 30 kg is effectively reduced by
It is quite small compared with the Sun's mass but the effect may be measurable (see below). All these results on λM 1 are model-independent, i.e., for an arbitrary f (R). To estimate λ we need, however, a concrete f (R).
According to a perturbation criterion λh(R) R applied to (7) and taking (4) into account we have
or for T ≈ T 
That means λh is very small,
as expected, where the radius R 0 = 6.957 × 10 8 m of the Sun (see wikipedia.org) is used. Note that the compatibility between (151) and (154) depends on the model chosen. For example, we choose the model
for b = 2, that is, h(R) = R 2 , and obeying (154) λ must satisfy the condition
For the data given above, the latter inequality becomes
From here, we can see also λh (R) = 2λR 
which is compatible with (158), and, thus, consistent with the observed data. From here we have
As λ may not be always very small the choice of h(R) to satisfiy the perturbation condition is very important. For the model (156) the smaller b > 0 is chosen the smaller λ is obtained. For example, if b has a value of the order 10 −11 the value of λ would be at the order 10 −29 . One should note that λ is not an observable quantity but it can be fixed, as in (159) for example, for a given model by using an observed data.
Above, we have applied our results to the case of a motion around a star such as our Sun for which there is a very good experimental/observed data for reference. In order to improve the potential of an experimental detection of an f (R)-gravity effect, we can consider stronger gravitational systems like that of Sgr A* at the center of our Galaxy and orbiting it stars. The role of the Mercury is played now by S2 going around the "sun" Sgr A* which has a mass of M = 4.31×10
6 M = 8.57×10
36 kg and a radius of R 0 = 22×10 9 m. With the latter data and the orbital information of S2 (a = 0.123 arcsec = 14.7 × 10 13 m and e = 0.88) [27] , we can find the deviation between the S2's orbital precessions calulated by the GR and the f (R)-theory as calculated for the model f (R) = R + λR 2 by using λ obtained in (159) from the Sun-Mercury system. This deviation is much bigger than that given in (160) and also bigger than the observed orbital precession ∆ϕ obs of the Mercury, thus, much easier to be measured (with the condition that difficulties of measurement by other reasons, if any, are excluded or resolved).
In general, the deviation between the two theories, the GR and the f (R)-gravity, is very small but it is measurable if one can invent a measurement technique sensitive as that of the LIGO which is sensitive to a relative length change of an order of around 10 −20 . 
